Some studies of extension algebra A(C,B) by 周金森
 




     

A(C, B) 
Some studies of extension algebra A(C, B)
  
 !"#$%& '() "*
+ , % -& . / 0 
1234&


















Some studies of extension algebra A(C, B)
By
Zhou Jinsen
Supervisor: Professor Lin Yanan
Speciality: Foundation Mathematics
Institution: College of Mathematics Science
Xiamen University


















T U V W
X












































2. õ·ð ( )
(öu÷øùúûâü ” ý ”)
þ¦§© ªÿ© Z \ ª















. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
	
 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
§1.1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
§1.2  A(C, B) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
§1.3  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5








. . . . . . . . . . . . . . . . . . . . .14
345
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
6789:;<=>?@ABC=D2
. . . . . . . . . . . . . . . . . . 18
EF














Abstract (In Chinese) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
Abstract (In English) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1
Chapter 1 Fundamental definitions and important results . . . . . . . . . . . . . . . . . 2
§1.1 Path algebra. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2
§1.2 Extension algebra A(C, B) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .4
§1.3 Tilting modules and torsion theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
§1.4 Some results of homological algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Chapter 2 Extension algebra A(C, B) and tilting modules . . . . . . . . . . . . . . . . 9
Chapter 3 Extension algebra A(C, B) and torsion theories . . . . . . . . . . . . . . . 14
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Papers published and finished by the author . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18






















C  QC = (Q0, Q1) y {ρi|i ∈ IC} j B 

ΓB = (Γ0, Γ1)
y
{ρj |j ∈ IB} ~ Q0 = Γ0, et Q =
(Q0, Q1 ∪ Γ1)
y
{ρi|i ∈ IC} ∪ {ρj|j ∈ IB} ∪ {βα | α ∈ Q1, β ∈ Γ1}cgTU
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Abstract
Representation theory of algebra is a new branch of algebra developed
in the seventies of 20th century. Tilting theory is an important subject in
the study of representation theory of finite dimensional algebra. Let C and
B be two finite dimensional basic algebras over a field k. we suppose that C
and B are given by a quiver QC = (Q0, Q1) with relations {ρi|i ∈ IC} and a
quiver ΓB = (Γ0, Γ1) with relations {ρj |j ∈ IB} respectively. We assume that
Q0 = Γ0 and define a new k-algebra A given by the quiver Q = (Q0, Q1 ∪ Γ1)
with relations {ρi|i ∈ IC} ∪ {ρj |j ∈ IB} ∪ {βα | α ∈ Q1, β ∈ Γ1}. Then A is
a finite dimensional k-algebra. We call A the extension of C and B, denoted
by A(C, B). The main focus of this dissertation gives some properties of the
extension algebra by means of homological algebra and tilting theories. We
discuss relations between tilting C- modules and tilting A- modules by means
of functors. We give a necessary and sufficient condition on M ⊗C A is a tilting
A-module. And then, we discuss different equivalence in the same subcategory
of A-modules. If M1 ⊗C A and M2 ⊗C A are tilting A-modules, we prove that
they induce the same torsion theory in modA if and only if M1 and M2 induce
the same torsion theory in modC.
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τ  ΓA c transltion, ³Hhet¦y»cäëj³Hh
et³éhê¦y¾Ic AR-cJj+¼ indAVWï³éhê A-¦ä















cR÷j¸ST α ∈ Q1, s(α), t(α) hUVW α cbJyVJj#
s(α)
α
−→ t(α).   Q sje¬WQJ x ýQJ y cXY l cZ"å
(y | αl, · · · , α2, α1 | x),
Ñ[
αi ∈ Q1, 1 ≤ i ≤ l,
Á
t(αi) = s(αi+1), 1 ≤ i < l.
¸\tQJ
x,
+¼W x ý]ce¬XY 0 cZj ex = (x | x). ¸U k,  kQ
 QcZTUj»Y( Q cï^_Zõc k- `'jcaã






ρ2ρ1 t(ρ1) = s(ρ2)
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c÷ f = (fi)i∈Q0 , Ñ[ fi : Vi → Ui Y k- c R
÷jÁ¸ÊST α ∈ Q1,qr ft(α)Vα = Uαfs(α),÷crû (gi)i∈Q0 (fi)i∈Q0 =






A- ¦j f : X → Y Y¦j f éujv ¦

h : Y → X , wü hf = 1X ;  f éuqjv ¦ g : Y → X , wü







−→ Z → 0 {|}~éuz ( AR z),
åæqr (1)X, Z Y³éhê A-¦j (2) z³éuj (3) ¦ h : W → Z ³




A-¦jet¦ f : M → N ³éR÷jåæ f ^éu
j^éuqjYnR÷chê f = hk,j kYéu÷ hYéuq÷~

X, Y
Y³éhê¦j rad(X, Y ) = {f | f : X → Y ^ä }, rad2(X, Y ) =
{f : X → Y | f = hg, g
^éuj
h
^éuq }. TU A c AR- YnP
Γ = (Γ0, Γ1),
Ñ[JK
Γ0 = {





irr(X, Y ) =rad(X, Y )/rad2(X, Y )
jY³éhê¦ X ý Y
c³éR÷cïäûc k-`'~
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§1.2  A(C, B)

A CD 1  1 = ∑i∈I ei, Ñ[ {ei}i∈I  A y´DßïKj P (i) = eiA³éê÷G A-¦ I(i) =D(Aei)³éê÷G A-¦

C, B A°¥S = ⊕i∈Ikei A ¡¥Á C∩B = S,¢v £¤aã¥¦§½¨©ªä ϕ :C C ⊗S BB ∼=C AB ,j«(¬­®
¯°





B = ⊕eiB µ AB ∼= C ⊗S BB,¶(
AB ∼= C ⊗S (⊕i∈IeiB) = ⊕i∈I(Cei ⊗S eiB) ∼= ⊕i,j∈I(ejCei ⊗S eiB).

ejα1ei, · · · , ejαmei  ejCei j ejαlei ⊗S eiB ∼= ejαleiB ∼= eiB, +·¸¹
ejαlei ⊗S eiB ºG B- © l = 1, · · · , m. n´º©B»¼º©no




C, BÆ kÇ«ÈÉC ¤ÊËQC = (Q0, Q1)»ÌÍ {ρi|i ∈ IC}
¶ÎÄ B ¤ÊË ΓB = (Γ0, Γ1)»ÌÍ {ρj|j ∈ IB}¶ÎÄÏ Q0 = Γ0,ÄÅ£¤ÊË
Q = (Q0, Q1 ∪ Γ1)
»ÌÍ
{ρi|i ∈ IC} ∪ {ρj |j ∈ IB} ∪ {βα | α ∈ Q1, β ∈ Γ1}¶Î
ÄÐ A,Ñ´ C » B ÂÃÒ´ A(C, B). d¸A Ó« Ô



















A = A(C, B)
´ C » B ÂÃë
(1) rad(B)rad(C) = 0;
(2) CAB ∼=C C ⊗S BB;
(3) AB £ºì B- ©í






T ,F  modA  ©Ñ (T ,F)´ modA£ü½® (üÜ),

(1) HomA(M, N) = 0,Ü M ∈ T , N ∈ F ;
(2)
Ï
HomA(M,−)|F = 0,ë M ∈ T ;
(3)
Ï
HomA(−, N)|T = 0, ë N ∈ F .
Ï
(T ,F)£ü½®ëÑ T ´üÑ F ´ü¤
þÿ
1.4[14] Ü£ A, £«È	ì A- © TA, Ñ´£ùú©
ß
(1) p.dimTA ≤ 1;
(2) Ext1A(TA, TA) = 0;



































TA £ùú© B =End(TA). Ò
T (TA) = {MA |Ext
1
A(T, MA) = 0},
F(TA) = {MA |HomA(T, MA) = 0},
X (TA) = {NB | N ⊗B T = 0},
Y(TA) = {NB | Tor
B
1 (N, T ) = 0}.
ë«¬­®
(1) (T (TA),F(TA))modAü½® T (TA) =Gen(TA), F(TA) =Cogen(τTA);
(2) (X (TA),Y(TA))modBü½® X (TA) =Gen(τ−1D(BT )), Y(TA) =Co-
gen(D(BT )).




TA £ùú© B =End(TA), ë
(1) BT £ùú©µ A ∼=End(BT );
(2) *Ö HomA(T,−) : T (TA) → Y(TA) » − ⊗B T : Y(TA) → T (TA) +Á&
Ö,-
T (TA) . Y(TA) /í*Ö Ext1A(T,−) : F(TA) → X (TA) » TorB1 (−, T ) :
X (TA) → F(TA)+Á&
Ö,- F(TA). X (TA)/í









M1,M2 0ªùú A- ©1·+Á modA  2ªü½®Ò´


















M1,M2modA0ªùú©B =EndA(M1), B′ =EndA(M2),
ë¬/ß
(1) (T (M1),F(M1)) = (T (M2),F(M2));
(2) (X (M1),Y(M1)) = (X (M2),Y(M2));
(3) Ext1A(M1, M2) =Ext
1




õöCÄ R, S, T DÕEF 1­G
¯°
1.9[16] (1)H AIì R-©ë«ì R-©ª A ⊗R R ∼= A;
(2)H B I± R-©ë«± R- ©ª R ⊗R B ∼= B.
¯°
1.10[16] H AI± (Jì)R- ©ë« R-©ª HomR(R, A) ∼= A.
ªK*Ö ⊗. Hom«¬ÌÍ
¯°
1.11[17] (1)H MR Iì R-© RWS I± Rì S ¨© NS Iì S-©
ë«L/
η : HomR(M,HomS(W, N)) →HomS(M ⊗R W, N).
(2)H MR Iì R-© SN I± S-© SUR I± S ì R¨©ë«L/
η : HomR(M,HomS(N, U)) →HomS(N,HomR(M, U)).
(3)H MR Iì R-©RWS I± Rì S ¨©SN I± S-©ë«L/
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